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Abstract 
Based on the current situation of Tianjin’s water demand-supply system, this paper proposed a new four-dimensional 
water resources system, and proved that the system is chaotic. The dynamical analysis of the system will be studied 
by means of Lyapunov-exponent, bifurcation diagrams. Linear feedback control techniques are used to stabilize and 
control the new system, and the system is stabilized to the equilibrium or limit cycle. 
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1. Introduction
With unreasonable use of water resources and water environmental pollution, the world is facing a
water crisis, which threatens human survival and development. As a northern industrial city of China, 
Tianjin faced a great threat. In Tianjin, the amount of shortage-water resources 1.3 billion cubic meters a 
year, nearly 3 billion cubic meters is short, so the contradiction between water supply and demand is 
prominent. Water shortage contains: shortage of water, serious water pollution, damage of aquatic 
ecosystems, and over-exploitation of groundwater make the ground subsidence. Water shortages and the 
contradiction between supply and demand will be the main contradiction in the next 10-15 years [1-3]. In 
the past years, many methods were used to predict and forecast the water resource variables. For example, 
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the use of artificial neural networks (ANNs) for the prediction and forecasting of water resource systems 
[4-5], A WebGIS-based system designed to predict rainfall-runoff and assess real-time water resources 
for Beijing was developed [6]. But a four-dimensional water resources system for a region has not been 
proposed. 
In this paper, we will propose a four-dimensional system to study the supply and demand in Tianjin. 
The Water supply source of Tianjin includes: (1) Local water canals, (2) local reservoir water, (3) the 
direct use of sea water, (4) desalination of sea water, (5) Luan River water, (6) north of source area, (7) 
local ground water, (8)salty water [7]. It can be summarized as three aspects of water supply. (1) their 
own local water supply, (2) Luan River water, Yellow River Water, Yangtze River water and other 
external supply, (3)desalination, salt water use, Waste water treatment, et al. 
2. The New Chaotic Model 
The new four-dimensional water resources system is proposed as follows: 
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Where ( )x t is the water resources demand in Tianjin; is the increase in the amount of water by 
external regions water supply; is the Recycled water by desalination, salt water use and so on; is 
the Water self-sufficiency; are positive constants, and
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1a is the elastic coefficient of ( )x t ; 2 is the coefficient of external water resources’ supply influencing 
to
a
( )x t ; is the coefficient of recycled water resources influencing to3a ( )x t ; M is the maximum value 
of ( )x t ; is valve value of the water-shortage; 1 is the coefficient of external water supply to Tianjin 
influencing to ; 2b is the coefficient of recycled water supply to Tianjin influencing to ; 3b is the 
coefficient of Tianjin’s water resources demand influencing to ; 1 is the velocity constant of Tianjin’s 
recycled water supply; 2 is the cost of recycled water supply; 1d is the coefficient of water self-sufficiency 
influencing to
N b
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x t ; 2 is the coefficient of water resources demand influencing to ; 3 is
influencing to the change rate of the water self-sufficiency . The idea of the model (1) is as follows: 
d ( )w t d ( )w t
The rate of water resources demand dx dt is direct ratio to current water resources demand and the 
proportion of the water resources demand potentiality1 ( )x t M− ; 2a y− and 3a z− denote that Luan River 
water or other external rivers water and recycled water supply will reduce ( )x t ; 1 denotes that the 
increase in local water supply will reduce
d w−
( )x t ; 1b y− denotes that actual situation will block the energy 
resources supply from external regions to Tianjin; 2b z− denotes that reused water will reduce 
; 3 denotes that when the water resources demand of Tianjin is less than the 
threshold value(i.e.
( )y t [ ( )b x N x z w− − −
( )
]
( ) ( )x t z t w t N− − <
( )
), the rate of the water resources from external regions to Tianjin 
will increase with the increase of x t , and when the water resources demand is large enough 
(or ( ) ( ) ( )x t z t w t N− − > ), with economic development, the people and enterprises near the Luan River, 
the people of Yangtze River Basin will be also need a lot of water and the rate of the energy resources 
supply from external regions to Tianjin will decrease with the increase of ( )x t c z; 1 2 denotes that the 
rate of reused water is direct ratio to the amount of recycled water, which increase with the increase of 
demand and decrease with the increase of demand; 2 3
(x c− )
d x d w− denotes that the rate of use of local water 
will increase with ( )x t and decrease with the water resources increase. 
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3. Dynamics analysis of the system
3.1. Equilibrium points and stability 
The system (1) has three equilibrium points: 0 1 1 1 2 2 2 2 2 . Eq. (2) 
is the Jacobi Matrix of system (1), and Eq. (3) is the Jacobi Matrix (2) in of the linearied system (1). 
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Fix parameters 1 2 3 1 2 3 1 20.07, 0.15, 0.06, 0.14, 0.07, 0.4, 0.4, 2, 1,a a a b b b c c M N= = = = = = = = =
1 2 30.06, 0.07, 0.015d d d= = = , the eigenvalues of Jacobi matrix (3) are: 1 20.0097>0, 0.0110>0λ λ= = ，
3 40.0422 0, 0.0788 0λ λ= − < = −
0E
( ) ( 0.16)[ 0.0f λ λ λ= + −
<
25
, because there are two Lyapunov exponents are larger than 0, 
therefore the systems is Hyper chaotic, and 0 is an unstable saddle focus. Following we will 
further validate this conclusion. We vary 2 , and other parameters like above. Then the Jacobi Matrix in 
equilibrium point of the linearized system (1) is as follows.
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0.16
0.0035]d                          (4)      
and the solutions of the following equation:Solve Eq.(4) gives 1λ = −
3 2
2 20.025 (0.06 0.015) 0.0036 0.0035 0d dλ λ λ− + − + + =                                      (5) 
Let 1 2 2 3 and use Routh Hurwitz conditions[8], all 
eigenvalues have negative real parts if and only if 1 1 2
20.025, 0.06 0.015, 0.0036 0.0035,q q d q d= − = − = +
0,q > 3q > 0, 3 0q q q− >
1 2E
, and 1 does not 
hold it, therefore is unstable. Similarly, we can prove and are unstable. 
0.025q = −
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3.2. chaotic attractor 
We still fix the parameters as above, simulation procedures are coded executes by using Matlab, the 
chaotic attractor of the system (1) is shown in Fig. 1.   
 
Fig. 1. the water resources chaotic attractor:(a)3D view x y z− − ; (b) 3D view y z w− −
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3.3. the bifurcation diagram and Poincare Map 
 
Fig. 2. (a) Bifurcation diagram of ; (b) Poincare mappings with2d 0y =
When vary 2d , the other parameters do not vary, the bifurcation diagram with respect to the 
parameter is shown in Fig. 2(a). According to Fig. 2(a), when 22d (0,0.05]d ∈ , the system (1) is stable; 
and when , the system (1) is chaotic. Fig. 2(b) showed the Poincare map on ( )
while , there is fractal structure dense points in the Poincare map, so the system is chaotic. 
2d
0.07=
(0.05,0.2]∈ 0y =
2d
3.4. Hyperchaos chaos control 
Because water resource system is sensitive to parameters, it is necessary to find a stable supply and 
demand system. We use linear feedback control method to control the system. The system is controlled to 
equilibrium , we choose the same linear controllers. Following is the controlled system: 0 1 2, ,E E E
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Where k is a feedback gain. The Jacobi Matrix in equilibrium point of the system (6) is as follows: 0E
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The characteristic equation of Eq.(7) is as follows: 
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Let 1 2 3 , system (6) 
is asymptotically stable if and only if the following conditions holds:  
3 0.025, 3 0.05 0.01065, 0.025 0.01065 0.0001575P k P k k P k k k= − = − + = − + +
(1) , (2) , (3) .                                                    (9) 1 0P > 3 0P > 1 2 3 0PP P− >
When satisfies (9), the controlled system (6) is asymptotically stable at 0 . Numerical 
results are shown as follows. Fig. 3 shows that the equilibrium point 0 is stabilized to a stable 
focus point when , and Fig.4 show that the system (1) is stable to a limit cycle when .
k (0,0,0,0)E
0)
k
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0.03k = 0.015=
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Fig. 3. The stable focus point of the controlled system (6) (a)3D view x y z− − ; (b) 3D view y z w− − .
Fig. 4. The limit cycle of the controlled system (7) (a) 3D view x y z− − ; (b) 3D view x y w− − .
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